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Tém tit

Trong badi bédo nay, chiing t6i trinh bay mét sé két qua quan trong lién quan dén tinh
chinh quy metric ciia dnh xa da tri. Céc két qua nay da dwoe dwa ra bdi cdc tac gid, Hupnh
Véin Ngai, Nguyén Hitu Tron, va Michel Théra. Tuy nhién, hau hét chirng minh van tdt hodc
khéng ching minh. O day, chiing t6i trinh bay véi chitng minh chdt ché va chi tiét.
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Abstract

In this paper, we present some results related to Metric regularity of Set — Valued
Mappings. These results have been reported by, Huynh Van Ngai., Nguyen Huu Tron., and
Thera, M. However, most of them were not proved in full detail. Herein, we present them
with the detail in proof.
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1. Pit van dé

Khéi niém chinh quy metric 1a mot khai niém quan trong trong Giai tich Bién phan
hién dai. Nhitng nim gan ddy, v6i su phat trién cua Giai tich khong tron va Giai tich bién
phan, 1y thuyét chinh quy metric cho anh xa da trj d3 dat dugc nhidu thanh tyu quan trong
ca vé mat ly thuyét va ung dung. Pac biét, tinh chinh quy metric dugc xem nhu mot cong
cu manh dé nghién ctru cac bai toan quan trong nhu bai toan diéu khién, diéu kién can t6i
uu, dinh Iy ham 4n, bai toan 6n dinh. Ngoai ra, né con dong vai trd chinh trong phén tich su
hoi tu ctia mot s6 thuat toan, chéng han nhu thuat toan kiéu Newton.
2. Cac khai niém va dinh ly
2.1. Mt s6 khai niém co sé

Trong phan nay, tic gia trinh bay cac kién thirc co so lién quan dén chimg minh cac
phén sau, chiing ta c6 thé tim thiy trong (Aubin & Frankowska, 1990; Yén, 2007).
Pinh nghia 2.1.1 (Aubin & Frankowska, 1990). Cho X la khong gian metric va ham

f: X > RU{+o}. Taky hidu domf ={xe X : f(x)<-+oo} la mién hitu hiéu cia f.
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a) Haim f duoc goi 1a nira lién tuc dwdi tai X € domf néu véi moi & >0 ton tai lan can U
cua X sao cho

f(x)Zf()?)—g, VxeU.
b) Ham f duogc goi 1a nika lién tuc trén tai X € domf néu v&i moi £ >0 ton tai lan can U
cua X sao cho

f(x)Sf()_c)—l—g, VxeU.
Vidu 2.1.2. Cho ham f:R — R duogc dinh nghia nhu sau:

x+ l khix <0,

f(x)=1 2
x> +1 khix>0.
Khi d6, hAm f 1a nia lién tyc trén tai nhitng diém x <0, ntra lién tuc dudi tai nhiing
diém x>0 nhung khong ntra lién tuc dudi tai x =0.Vay f khong lién tuc tai x =0.
Chi y 2.1.3. Néu X 1a khong gian metric thi diéu kién (a) trong dinh nghia trén c6 thé
viét dudi dang

!Ci_r};inff(x) Zf()?),

trong do
liminf £ (x):=inf {y € R:3x, > F, lim /(%) =7,

Tuong tu, diéu kién diéu kién (b) trong dinh nghia trén c6 thé viét dudi dang
limsupf(x) <f(¥),
trong do

limsup f'(x) = sup{y eR:3x, > X, 1imf(xk): ;/}.
Dinh nghia 2.1.4. (Aubin & Frankowska, 1990) D¢ doc manh |Vf|(x) cta ham nira lién
tuc dudi f tai x edomf dugc dinh nghia boi |Vf |(x) =0 néu x la cuc tiéu dia phuong

cua f. Hon nira,

. S(x)=f(y
v/](x) = lmp%
Vidu 2.1.5. Cho ham f:R — R duogc dinh nghia nhu sau:
x khix <0,
f(x):{zx khi x > 0.
Khi do, [V/](0)=1.

Pinh nghia 2.1.6. (Aubin & Frankowska, 1990) Cho X, Y 1a hai tp hop bat ky. Anh xa
F:X —2" cho tuong tmg mdi x € X, F(x) la mot tap hop con cia ¥ duoc goi la anh xa
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datritr X vao Y.
Pinh nghia 2.1.7. (Yén, 2007) D6 thi gphF va mién hiru hidu domF cia 4nh xa da tri

F: X —2" xac dinh twong tng bing cac cong thirc sau:
gphF:{(x,y)eXxY:yeF(x)},
domF:{xeX:F(x);t@}.

Pinh nghia 2.1.8. (Yén, 2007) Cho F: X — 2" 1a 4nh xa da tri tir khong gian topo X vao
khong gian topo Y. F duogc goi 1a nwa lién tuc duoi tai X € domF néu v6i moi tap md
V <Y thoa min F()?)ﬁV:t & tOn tai 1an can m& U cla X sao cho F(x)mV;t@ Vil

moi x eUU NdomF .
Pinh nghia 2.1.9. (Aubin & Frankowska, 1990) Cho X, Y la cac khong gian metric. Anh

xa F: X —2" dugc goi 1 chinh quy metric tai X (mg v6i ¥ néu y € F(f) va c6 hang sd
x>0 cunglancan U cua x valancan V' cta y sao cho
d(x, F! (y))S Kd(y, F(x)) véi moi (x,y)eUxV.

Vidu 2.1.10. Cho ham F:R > R, F(x) = {—Zx, 1} chinh quy metric tai (0,0).
2.2. Tinh chinh quy metric ctia anh xa da tri

Phan nay, tac gia trinh bay mot s két qua quan trong vé tinh chinh quy metric ctia
anh xa da tri.
Pinh 1y 2.2.1 (Ngai, Tron, & Thera, 2011). Cho X la khéng gian metric day di va Y la
khéng gian metric. Cho P la khéng gian topo va danh xa da tri F: X xP — 2" théa cdc
diéu kién sau doi voi ()?,)7,[3) eX XY xP:
a)xeS(y.p);
b) Ham da tri p — 27 14 mika lién tuc dudi tai D;

C) Bat ky p gan p, dnh xa da tri x_>2F(x,p)

la ham da tri dong.
Cho T &(0,+00) ¢6 dinh. Khi dé, cdc khang dinh sau la twong dwong:
(i) Ton tai lin cin VxW < X xPciia (X,p)sao cho VNS(y,p)#D véi bdt ky
peWva d(x,S(y.p))<td(7,F(x.y))véimoi (x,p) eV xW;
(if) Tén tai lin cgn VxW < XxP cia (X,p)sao cho VNS(y,p)=D véi bat ky
peWva d(x,S()_/,p)) <o, ()7,F(x,y)) véi moi (x,p) eV xW;
(iii) Ton tai lin cdn VxW < XxPcia (X,p) sao cho bdt ky (x,p)eV xW véi
yeF(x,p)va &>0,batkpday {x,} . <X hjitudén x véi

nl_i)r+nwsupd()7,F(xn,p)) < d()_/,F(x,p)),

ton tai day {un}neN < X vdi nlLerd(un,x) >0 sao cho
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lim supd(f’F(xn,p))—d(J_”F(%,,p)) 1
e d(x,.u,) A

;o (2)

(iv) Ton tai lan can VxW < X x Pciia (3?,]7) va s6 thuc y e (O;+oo) sao cho véi bat ky
(x,p)eVxW vi ¢,(X,7)<yvabatky &>0, khi d6 véi bat ky day {x,} . <X hoi
dén x véi

lim d(¥,F (x,,p))=liminf d(,F (u,p)),

n—>+00 n—>+00

ta c6 thé tim dugc day {u,} <X voi limd(u,,x)>0 dé (2.1) ding.

Chirng minh. (i) = (iii), ldy ¥ xJ¥ 1a 1an can cta (X, ¥)sao cho gphF (., p)la dong véi
peP va
d(x,S(f,p)) < rd()_/,F(x,p)) véi moi (x,p) eV xW.
Lay (x,p) eV xw, ng(x,p) va £>0. Léy day {xn}neN c X hoi tu dén x.
Khi n>n, dulénthix, eV va y ¢ F(x,,p). Do do,

Véi n=n,, chon u, € S(¥,p) sao cho d(xn,un)£[1+2ijxd(xn,S()7,p)).
T

Gia sir ton tai lim d(xn, u, ), do tinh dong cua gphF(.,p) ta co lim d(xn,un) > 0.

n—>+00 n—>+00

Hon ntta, vo1 n > n,

d(x,u,)< (1+2ijxd(xn,5()7,p))

T

< (1+gjx[d()_z,F(xn,p))—d()_/,F(un,p))].
Suy ra
A7 F (5. )=d (7 F0,2) 1
d(x,.u,)

>"n

Viy (2.1) dung.
Chimg minh (iii) = (iv). Tir (iii),t0n tai lan can V' xW < X xPcuia (X,p) sao cho bat
ky (x,p) eV xWv6i y ¢ F(x,p)va &>0,batky day {x,} . <X hoitudén x véi
nlirpwsupd()_/,F(xn,p)) < d()_/,F(x,p)).
Mit khéc, véi batky day {x,} . <X hoitudén x taco
lim d (7, F (x,, p)) = lim inf d (7,7 (u, p)).

Vay (iv) duoc chimg minh.
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Chimg minh (ii) = (i). Dat
9, (x,y)=_lim )infd(v,F(u,p))=1iminfd()7,F(u,p)).

(wv)> (x5
Theo (ii), ton tai 1an can V xW < X x P cua ()7,1_9) sao cho VﬁS()_/,f)) # @ voi bat ky
peWva d(x,8(y.p))<tp,(¥,F(x,»))véimoi (x,p) eV xW. Do do, ta cé

d(x,S()_/,p)) < m’()_/,F(x,y)) vdi moi (x,p) eV xW.
Vay (i ) dugc chirng minh.
Chirng minh (iv) = (ii ).Vi hamdatri p —> 27?13 nira lien tuc dudi tai p nén ham
pH d(f,F(f,p)) la nira lién tuc dudi tai p. Do do,
}irgosupqop()_c,)_/)S}irgosupd(f,F()?,p))Sd()_/,F()?,ﬁ)):goﬁ()?,)_z).
Diéu nay chimg to p > ®, ()_c ,f) nua lién tuc dudi tai p.
Cho (x,p) eVxW, ye¢ F(x,p), ®, (x,)_/) <yva g>0. Cho day {xn}nEN c X hditu
dén x voi
lim d(7.F (x,.p)) =, (x.7).

Theo (iv),tén tai day {un}neN c X vO1 lim d(un,x) >0 sao cho

lim Supd()_’,F(xn,p))—d()_;,F(un,p)) 1
n—>+o0 d(xn,un) r+¢
< lim supgﬂp(x’y)_(pp(”n’y)> 1

n—>+o0 d(x,un) T+¢&

Do do, ta duge diéu can phai chirmg minh.

Dinh 1y sau dua ra tinh chinh quy metric cua ham an da tri bang cach str dung 4o doc manh
cua bao ham nura lién tyc dudi x ¢, (x, y).

Pinh 1y 2.2.2 (Ngai, Tron, & Thera, 2011). Cho X la khéng gian metric day du, Y la
khéng gian metric va P la khong gian topo. Gid sir anh xa da tri F: X x P — 2" théa cdc
diéu kién (a), (b), (c) trong dinh ly 2.2.1 xung quanh (J_C,)_/,[_?) € gphF. Chom >0, néu

t6n tai lan cgn V xW xU cua ()?,1_7,)7) va s6 thuc y >0 sao cho

v, (.,y)‘(x) >m, V(x,p,y)eVxWxUvi ¢,(x,y)€(0,7), (22)
thi ton tai lan cdn VxWxU ciia ()?,]_7,)7) sao cho
a’(x,Fp’1 (y)) < d(y,F(x,p))/m, V(x,p,y)e VxWxU. (2.3)

Hon nita, chiéu nguoe lai ciing diing néu Y la khéng gian tuyén tinh dinh chuan.
Chirng minh. T dinh 1y 2.2.1, ta ¢6 dugc chiéu suy ra. Bay gio, ta ching minh chiéu
ngugc lai. Gia st Y 1a khong gian tuyén tinh dinh chudn. Cho »>0 va mdt lan can W cua
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p sao cho
d(x,Fp’l(y))Sd(y,F(x,p))/m, V(x,p,y) e B(X,2r)xW xB(y,2r).

Cho (x,p,y) € B(X,r)xWxB(y,r) véi y ¢ F(x,p); ¢,(x,y)<r. Ddy {un}neN X

sao cho

d(un,x) < n_l(pp (x,y); d(y,F(un,p)) (1+ ! j P, (x y) (2.4)

Véimdi neN” ton tai y, € F(u,, p) sao cho

(0 () <l <1+ a0 (),

L nf1=r?)

z = +
n+l1 Y n+l1

n

n*

Ta co

||yn - Zn =

1_ -1/2 1_ 12
<))o )

=(1=n"")d(y.F (u,.p))

<(1=n")(1+n7)g, (x.)
(1=n2) (1400, (x.7)
(1=n")g, (x.7).

IA

Do do, z, eF(un,p) %

=<y =7|+|y—=z.| <2r khi n dulén. Vi viy, ta chon
X, € F;l (zn) sao cho

d(un,xn)<(l+n’”2) ( ) (1+n1/2) z  F n,p))/m
(1+n72) (142" ) (n+1)  |y=p,|/im. (25)

Suyra lim d(x,x,)=0. Véi n du 16n, ta co

n—>+0

IN

n

0,(%.9) =0, (%,,9) = ——(d(7.F (u,,p))=d(».F (x,,)))

>#((1+n‘1)_1—(1 ) b=,

1/2 (1 n—l/z +n71) (2.6)

(n+1)(l+n_l)

Tir (24), (2.5), (2.6) taco
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0,(x.3)=0,(x,.5) | ¢,(x:¥)=0,(x..5)
d(x,x,) ~d(x,x,)+d(x,x,)

mn"? (l_n—l/z +n—1)||y_yn
n’ (n_1 +1)2r+(1+n_1)(1+n”2)

V=,
Vi
lim |y -y, | = lim d(y.F (u,.p)) =9, (x.y)> 0,
nén
0, (x.y)=0,(x,)

IV, (-3)|(x) lim inf =2 d(xx,)

n

>m.

Vay dinh 1y dugc chirng minh.

3. Két luan

Bai bao nay, da thuc hi¢n dugc cac vén dé sau:

Chung minh chi tiét cac két qua, dinh 1y 2.2.1 va dinh 1y 2.2.2.

Dinh 1y 2.2.1, md ta tinh chinh quy ctia ham 4n da tri.

Pinh 1y 2.2.2, dua ra tinh chinh quy metric ctia ham an da tri bang cach s dung d6 doc
manh ctia bao ham ntra lién tyc dudi x> @, (x, y). a
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